Abstract. We notice that the class of groups without proper subgroups of finite index is not elementary because there are groups, such as the free product Q * Q, that have no proper subgroups of finite index but such that their countable (Cartesian) powers and some of their ultrapowers have proper subgroups of finite index.
By NFQ we denote the class of nontrivial groups without proper subgroups of finite index (equivalently, without nontrivial finite quotients).
Definition 1.
For a group G and a group word w = w(X), we define Val w (G) = {w(ḡ) :ḡ ⊂ G}.
In particular,
Remark 2.
(1) If, for every natural n, a nontrivial group G is generated by the set of n-th powers Val X n (G), then G is in NFQ (because a finite group of order n > 0 is not generated by the n-th powers).
(2) When G is abelian, the converse is also true: if G is in NFQ, then it is divisible (for every prime p, G/pG is a vector space over the finite field F p = Z/pZ, so if it is nontrivial, then it maps homomorhically onto Z/pZ; thus, G = pG for every prime p). (3) A group generated by its NFQ subgroups is NFQ itself. (4) The class NFQ is closed under taking homomorphic images, extensions, direct sums, and free products. (5) An arbitrary (Cartesian) product of abelian NFQ groups is NFQ. (6) If, for every natural n, a nontrivial group G is generated by the set
The last statement of Remark 2 can be generalized as follows. If G is a group, and for every finite simple group S, there exists a group word w such that Val w (S) = {1} but Val w (G) generates G in finitely many steps (i.e. G = (Val w (G) ±1 ) N for some N ), then every power and every ultrapower of G is NFQ.
The main question that we answer (negatively) in this note is the following. We observe that if G is NFQ and n is a natural number, then the set
, and, as noted above, the abelianization G/[G, G] is divisible.
Remark 4. Let G be a group. If for some natural n, the set
does not generate G in finitely many steps, then for every non-principal ultrafilter U on ω, the ultrapower G ω /U has a nontrivial finite quotient (i.e. is not in NFQ).
Proof. Without loss of generality, assume that n is prime.
Then f represents a nontrivial element of H/(H n [H, H]), and hence the latter is a nontrivial vector space over F n and has an epimorphism onto Z/nZ.
Note that since every commutator is the product of three squares, e.g.
for n = 2 the condition in the last remark reduces to: "Val X 2 (G) does not generate G in finitely many steps."
Let H be an arbitrary group from NFQ (e.g. H = (Q, +)). Then the free square H * H is also in NFQ. By a remarkable result of Rhemtulla [1] , the squares Val X 2 (H * H) do not generate H * H in finitely many steps.
Theorem (Rhemtulla, 1967, [1] ). If w is a group word such that there exists a group G such that {1} = Val w (G) = G, and if A and B are two nontrivial groups of which at least one has order greater than 2, then the verbal subgroup Val w (A * B) of A * B is not generated by Val w (A * B) in finitely many steps. Denote G = H * H. By Remark 4, if U is a non-principal ultrafilter on ω, then the ultrapower G ω /U is not in NFQ (hence G ω is also not in NFQ). Since G ω /U is an elementary extension of G, this shows that the class NFQ is not elementary.
